Abstract: Saving energy is just as important as generating energy. In this paper, we seek an optimized structure that achieves a certain level of heat transfer rate under a minimum pumping power to drive the fluid stream. Constraints are specified by the flow regime (laminar and turbulent), admissible boundary conditions on the walls (prescribed temperature and constant heat flux), and design standards. The study will help designers with more effective basic tools for the conceptual design of system and in establishing proper operating procedures.
Introduction
In recent years, heat sink technology has received increasing interest. Miniaturization and compactness of systems, together with maximal performance is a challenge [1] [2] [3] [4] . Over the decades, several investigators have explored various heat transfer and pressure drop characteristics for flow across these systems [2, 3] . With such a diverse range of engineering applications, there is an increasing demand for optimal performance according to a particular function (see ref. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] for example). A correctly-operated system, while important, provides no assurance that energy savings will be attained if the system is not properly designed [4] . Therefore, design optimization becomes increasingly important and has been under extensive study during the past twenty years [4, 6, 7, 16, 17] .
Since several system configurations may be possible, the designer needs an efficient strategy to quickly obtain the configuration that better fits the situation under study. Various studies have been carried out to optimize tubes and networks of tubes for different functions [6, 9, 11, 13, 14, [18] [19] [20] . A comprehensive methodology for generating optimal design of flow configurations is based on the constructal theory [1, 4, 7, 11, 13] . This theory grounds the idea that the generation of design (configuration, pattern, geometry) is a physics-based phenomenon. The geometric shape and structure can be deduced by principle. Currents that flow must always overcome resistances. The challenge then is to do the best possible (provide an easier access to the currents) under the specified constraints (e.g., availability of space, pumping power, etc.).
In this paper we illustrate the geometric optimization process by focusing on heat exchange and pumping power. This study provides an answer to the following question: what is the best configuration for a required amount of the heat exchanged, taking into account the minimum pumping power to drive the fluid stream? The effect of flow regime and admissible boundary conditions is analysed.
Theory
The major issue confronting users is having efficient systems to accomplish their function. This can be overcome by a rational improvement of design. The challenge then is to determine the architecture that best accomplish the purpose under the specified constraints.
Fluid flow through a cylindrical tube -hydrodynamic and thermal analysis
The case under consideration consists of a steady state and uniformly distributed fluid flow inside a cylinder. The energy balance in control volume element ( Figure 1 ) is given by
where D is the tube diameter, ρ is the fluid density, is the fluid specific heat, is the average fluid velocity, is the heat flux and T is the average bulk fluid temperature. In order to solve Eq. (1) boundary conditions are needed along the tube walls. Walls may be maintained at a constant temperature or under constant heat flux.
Solution involving a prescribed heat-flux boundary condition
In the case of constant surface heat flux, integrating Eq. (1) from the tube inlet to the outlet, it follows that
Substituting for from the Newton's law of cooling which is of the form
we then obtain
Here is the convection heat transfer coefficient, and T , T and T are the inner tube wall mean temperature, the inlet and outlet fluid temperature, respectively. The rate of thermal energy convection (enthalpy) for fluid flow is
where T − T is given by Eq. (4). For convenience, taking advantage of the definition of the dimensionless heat quantities [2, 3] , Eq. (5) can be re-
Here Q * = QL/[DL (T −T )] represents the dimensionless thermal conductance, is the thermal conductivity and Nu is the Nusselt number. At this point expressions for computing the Nusselt number are required. As shown in ref. [22] [23] [24] , if the tube is long enough (L >> D) the flow inside it will become fully developed [3, 21] . The Nusselt number for laminar regime may be expressed as:
Here, Pr and Re D are the Prandtl number and the Reynolds number based on the tube diameter, respectively. A possible correlation (see ref. [3, 21] ) for turbulent flow is provided by the Chilton-Colburn equation expressed as:
Equation (8) 
where the Darcy-Weisbach friction factor, DW , is obtained for Reynolds number between 3x10 3 and 5x10 6 .
Solution for prescribed wall temperature
For a constant surface temperature condition, integrating Eq. (1) from = 0 to = L, it follows that
where L is the average value of for the entire tube. The rate of thermal energy convection (enthalpy) for fluid flow becomes:
Here, Q *
is the dimensionless heat transfer conductance, and the Nusselt number within laminar conditions for use with this equation may be obtained, as shown in ref. [21, 25] , from the following relation:
For turbulent flow, the correlation provided by Equations (8) and (9) for uniform heat flux conditions may be also applied to uniform surface temperature conditions [3, 21] .
Pumping power for fluid flow and hydrodynamic considerations
The passing fluid (e.g., cools or heats) that bathes the tube requires a pumping power, P , to drive the fluid stream. It may be obtained from the pressure difference, ∆ , and the fluid velocity, ,
The pressure difference is regarded as due to the sum of losses that results from frictional effects on the wall, losses resulting from transition sections in which the tube diameter changes from one size to another (i.e., contraction, expansion), elbow and tees losses, etc. [26] . DarcyWeisbach equation can be used to evaluate the losses by friction
Here, DW is the Darcy-Weisbach friction factor (i.e., four times de Fanning friction factor [2, 3] ). For a bundle of tubes, the losses due to sudden contraction and expansion can be obtained in terms of porosity or volume fraction of tubes. A number of correlations exist by which these effects and others may be calculated. For a detailed survey, the reader is referred to [2, 3, 21, 26] .
Assuming losses by friction, it follows from Equations (13) and (14) that the pumping power in dimensionless form may be expressed as:
where P * = ρ 2 LP /µ 3 represents the dimensionless pumping power.
At this point, expressions are required for determining the Darcy-Weisbach friction factor (i.e., for Eqs. (8), (9) and (15)). This friction factor under fully-developed laminar flow (see ref. [2, 26] ) is calculated by the following equation:
A correlation for use at Reynolds numbers larger than 2x10 4 is of the form [2, 26] 
and an expression, valid over a Re D range that includes the transition region (3x10 3 ≤ Re D ≤ 5x10 6 ) is provided by the Petukhov equation [2, 26] , namely:
Equations (16)- (18) In the case of a constant surface heat flux, according to Equations (6) and (15),
and
For the laminar regime, the Nusselt number is obtained from Equation (7) and the Darcy-Weisbach friction factor from Equation (16) . Combining Equations (7), (16), (19) and (20) yields:
Correlations for Nu and DW at Reynolds numbers larger than 2x10 4 may be obtained from Eqs. (8) and (17) . Substituting these equations into Eqs. (19) and (20) 
We now introduce the solution for a prescribed wall temperature. According to Equations (11) and (15),
The Nusselt number and the Darcy-Weisbach friction factor, for laminar flow conditions, are obtained from Equations (12) and (16), respectively. Therefore: 
Using Equations (8) and (17), the equations for turbulent flow become: 
Optimal pumping power
Equations (21), (22), (25) and (26) relate the dimensionless pumping power and the heat transfer conductance with the dimensionless Reynolds and Prandtl numbers. For a constant surface heat flux, the dimensionless pumping power may be expressed in terms of dimensionless heat transfer conductance by: For a prescribed wall temperature, the pumping power may be expressed as: 
According to Equations (27)-(30) the dimensionless pumping power is related to the dimensionless heat transfer conductance, the Reynolds number, and the Prandtl number. Therefore, the optimal P * (i.e., the minimum pumping power) required to drive the fluid stream 
Heat exchangers geometry
We now consider a fixed sheet heat exchanger as depicted at Figure 2 . If Φ is the porosity (or volume faction of tubes), then the space allocated to the device permits the installation of γ tubes, wherein: Here, V is the volume of the system and has dimensions DWL, and the volume of each tube, V , is 0 25πD 2 L. Therefore, for W ∼ γD the porosity has its maximum of π/4 (∼ 0 785).
The purpose is to obtain the architecture for maximal global performance (i.e., minimum pumping power) for a given specific heat transfer conductance. When considering walls under a constant surface heat flux, substituting Equation (31) into Equations (6) and (15) yields: Another important situation is when the system has a prescribed wall temperature. In such a case, substituting Equation (31) into Equations (11) and (15) yields:
Equations (32) to (35) show how the geometry characteristics of the heat exchangers are related with the heat transfer conductance, the pumping power, the Reynolds number, and the Prandtl number.
Optimization results
The first situation that we consider is the optimization of a single tube (Equations (21), (22), (25) and (26)). (Fig. 7) , the first intersection point occurs at a higher Re D and at a lower L/D ratio for a higher Pr. In summary, the resulting optimal geometry is dependent on flow regime, conditions prescribed at the walls, and also on the fluid properties. Figures 3 to 18 allow designers to construct optimal heat exchangers and operate it properly.
Conclusions
This paper addressed the important question of how to construct an optimal heat exchanger and how to operate it properly. Boundary conditions for constant wall temperature and prescribed heat flux were considered, as well as, laminar and turbulent flow regimes. This work revealed several important and fundamental results. The geometry sizes, the heat transfer conductance, the pumping power, the Reynolds number and the Prandtl number can be related to each other by simple equations, and the calculation of their optimum values deterministically determined. The proposed approach seems to be a reliable tool to research optimized heat exchangers, and it will help designers to develop better geometries.
